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Motivation and context

@ We would like to have a model that prices consistently
@ options on SPX
@ options on VIX
© options on realized variance

@ We believe there may be such a model because we can
identify relationships between options on SPX, VIX and
variance. For example:

@ Puts on SPX and calls on VIX both protect against market
dislocations.

@ Bruno Dupire constructs an upper bound on the price of
options on variance from the prices of index options.

© The underlying of VIX options is the square-root of a
forward-starting variance swap.

@ The aim is not necessarily to find new relationships; the aim is
to devise a tool for efficient determination of relative value.
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Outline

© Historical development
@ Problems with one-factor stochastic volatility models.
o Historical attempts to add factors.

@ Variance curve models

o Bergomi's variance curve model.
o Buehler's consistent variance curve functionals.

© The double-CEV model
o Option valuation and parameter estimation
© Market vs model prices

@ Double Lognormal and Double Heston fits
@ Double CEV fits

© Time series analysis
@ Statistics of model factors

@ Options on realized variance

@ Conclusion
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Problems with one-factor stochastic volatility models

@ All volatilities depend only on the instantaneous variance v

@ Any option can be hedged perfectly with a combination of any
other option plus stock
o Skew, appropriately defined, is constant

@ We know from PCA of volatility surface time series that there
are at least three important modes of fluctuation:

@ level, term structure, and skew

@ It makes sense to add at least one more factor.
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Other motivations for adding another factor

@ Adding another factor with a different time-scale has the
following benefits:

& One-factor stochastic volatility models generate an implied
volatility skew that decays as 1/ T for large T. Adding another
factor generates a term structure of the volatility skew that
looks more like the observed 1/+/T.

@ The decay of autocorrelations of squared returns is exponential
in a one-factor stochastic volatility model. Adding another
factor makes the decay look more like the power law that we
observe in return data.

o Variance curves are more realistic in the two-factor case. For
example, they can have humps.
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Historical attempts to add factors

@ Dupire’s unified theory of volatility (1996)
o Local variances are driftless in the butterfly measure.
@ We can impose dynamics on local variances.
@ Stochastic implied volatility (1998)
@ The implied volatility surface is allowed to move.
@ Under diffusion, complex no-arbitrage condition, impossible to
work with in practice.

@ Variance curve models (1993-2005)

@ Variances are tradable!
o Simple no-arbitrage condition.
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Dupire's unified theory of volatility

@ The price of the calendar spread 91 C(K, T) expressed in
terms of the butterfly Ox x C(K, T) is a martingale under the
measure (k1 associated with the butterfly.

@ Local variance v (K, T) is given by (twice) the current ratio
of the calendar spread to the butterfly.

@ We may impose any dynamics such that the above holds and
local variance stays non-negative.

@ For example, with one-factor lognormal dynamics, we may
write:

exp {—b?/2t — bW, }

v(S,t) = vi(S,t) E[exp{—b2/2f — bW} |5 =S]

where it is understood that v/ (-) is computed at time t = 0.
Note that the denominator is hard to compute!
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Stochastic implied volatility

@ The evolution of implied volatilities is modeled directly as in
ogs(k, T,t) = G(z; k, T — t) with z={zy, z0, ..., 2z, } for
some factors z;.

o For example, the stochastic factors z; could represent level,
term structure and skew.

@ The form of G(-) is highly constrained by no-arbitrage
conditions

& An option is valued as the risk-neutral expectation of future
cashflows — it must therefore be a martingale.

@ Even under diffusion assumptions, the resulting no-arbitrage
condition is very complicated.

@ Nobody has yet written down an arbitrage-free solution to a
stochastic implied volatility model that wasn't generated from
a conventional stochastic volatility model.

@ SABR is a stochastic implied volatility model, albeit without
mean reversion, but it’s not arbitrage-free.

@ Stochastic implied volatility is a dead end!
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Why model variance swaps?

@ Dupire’s UTV is hard to implement because local variances
are not tradable.

@ Stochastic implied volatility isn't practical because implied
volatilities are not tradable.
@ Variance swaps are tradable.

@ Variance swap prices are martingales under the risk-neutral
measure.

@ Moreover variance swaps are now relatively liquid

@ and forward variance swaps are natural hedges for cliquets and
other exotics.

@ Thus, as originally suggested by Dupire in 1993, and then
latterly by Duanmu, Bergomi, Buehler and others, we should
impose dynamics on forward variance swaps.
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Modeling forward variance

Denote the variance curve as of time t by
W,(T)=E [ftT vs ds .7-}] The forward variance
Ct(T) :=E|[vr | Ft] is given by

C(T) = 81 We(T)

A natural way of satisfying the martingale constraint whilst
ensuring positivity is to impose lognormal dynamics as in Dupire's
(1993) example:
d¢(T)
C(T)

for some volatility function o(-).
Lorenzo Bergomi does this and extends the idea to n-factors.
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Bergomi's model

In the 2-factor version of his model, we have

dé(T) _ . _x(1-9) e (T-1)
Ct(T) - 51 e th + 62 € dZt

This has the solution
Ce(T) =Co(T) exp {51 e (T8 X, 4 & e~ <(T=1) y, 4 drift terms}

with . .
Xt:/ e (=9 gy Yt:/ e c(t=s) gz
0 0

Thus, both X; and Y; are Ornstein-Uhlenbeck processes. In
particular, they are easy to simulate. The Bergomi model is a
market model: E [(¢(T)] = ¢o(T) for any given initial forward
variance curve (o(T).
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Variance curve models

@ The idea (similar to the stochastic implied volatility idea) is to
obtain a factor model for forward variance swaps. That is,

(T)=G(z T —1t)

with z = {2, z, ..., z,} for some factors z; and some variance
curve functional G(-).

@ Specifically, we want z to be a diffusion so that

d
dz: = p(z:) dt + Y ol (ze) dW] (1)

& Note that both p and o are n—dimensional vectors.
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Buehler's consistency condition

The variance curve functional G(z¢,7) is consistent with the
dynamics (1) if and only if

9-G(z; 7) Z 1i(2) 9., G(z; 7)
1 n d
+§, >, ; l(2)0)(2) | 92.5,G(zi7)

To get the idea, apply 1td's Lemma to (¢(T) = G(z, T — t) with
dz = pdt 4+ o dW to obtain

E[dC(T)] =0 = {—aTG(z,T) £ p0.6(z,7) + 5 0 az,zc;(z,f)} dt
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Example: The Heston model

@ In the Heston model, G(v,7) =v + (v — V) e "".
o This variance curve functional is obviously consistent with
Heston dynamics with time-independent parameters x, p and
7.
@ Imposing the consistency condition, Buehler shows that the
mean reversion rate k cannot be time-dependent.

@ By imposing a similar martingale condition on forward entropy
swaps, Buehler further shows that the product pn of
correlation and volatility of volatility cannot be
time-dependent.
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Buehler's affine variance curve functional

@ Consider the following variance curve functional:

K
G(z;7)=z3+(z1—z) e "+ (2 — 23) — (7T —e™"7)

@ This looks like the Svensson parametrization of the yield curve.

@ The short end of the curve is given by z; and the long end by
Z3.

o The middle level z, adds flexibility permitting for example a
hump in the curve.
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Double CEV dynamics

@ Buehler's affine variance curve functional is consistent with
double mean reverting dynamics of the form:

dS

T = Vvaw

dv = —m(v—v')dt—i-mvadzl

dv = —c(v’—Z3)dt+772V,ﬂdZ2 (2)

for any choice of o, 5 € [1/2,1].
o We will call the case « = 8 = 1/2 Double Heston,
o the case a = # = 1 Double Lognormal,
o and the general case Double CEV.
@ All such models involve a short term variance level v that
reverts to a moving level v/ at rate . v/ reverts to the
long-term level z3 at the slower rate ¢ < k.
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Check of consistency condition

@ Because G(-) is affine in z; and z, we have that
025G ({z1,2};7) =0 i,je{l,2}.

@ Then the consistency condition reduces to

2

0-G({z,2}:7) = > pil{z1,2})0,6({z1,2};7)
i=1
= —/<L(Zl — ZQ)@ZIG — C(22 — 23) 822G

o |t is easy to verify that this holds for our affine functional.

@ In fact, the consistency condition looks this simple for affine
variance curve functionals with any number of factors!



Consistent Modeling of SPX and VIX options
Variance curve models

Double Lognormal vs Bergomi

@ Recall that the Bergomi model has dynamics (with 7= T —t)

d¢e(T)
Ce(T)

@ Now in the Double Lognormal model
dé(T) = dG(v,v';7)
= &Gve "TdZi+ &V

=& e "TdZy + & e “Tdz,

(e_” — e_"”) dZ,

@ We see that the two sets of dynamics are very similar.
@ Bergomi's model is a market model and Buehler's affine
model is a factor model.
@ However any variance curve model may be made to fit the
initial variance curve by writing
G(T)

Ct(T) = m G(Zt, T)
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Parameter estimation strategy

@ Variance swaps don’t depend on volatility of volatility

@ Analyze time series of variance swap curves to get x, ¢ and z3.
o Get p and initial estimates of &; and & from time series of
factors.

@ Fit SABR to SPX smiles to estimate the CEV exponent «.
@ Fit model to VIX options to deduce &; and &;.
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Average variance swap curves

We proxy expected variance to each maturity with the usual strip of
European options. Averaging the resulting curves over 7 years generates
the following plot (SVI curve in red, ML curve in blue):

0.215
|

0.205

Variance swap

0.195
|

0.185
|

Maturity
We note that the log-strip is only an approximation to the variance swap:
interpolation and extrapolation methodology can make a big difference!
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Double CEV variance swap curve

@ Recall that in the Double CEV model, given the state {z;, 2},
the variance swap curve is given by

1—e T K {l—eCT 1—e"‘T}

kT +(22723)n—c cT B kT

23+(z1—23)
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Calibration of x, ¢ and z3

(]

We proceed as follows:

(]

For each day, and each choice of k, ¢ and z3
@ Impute z; and z, using linear regression

@ In the model, variance swaps are linear in zj,2z2,23
@ The coefficients are functions of T and the parameters &, ¢

@ Compute the squared fitting error

(]

Iterate on K, ¢ and z3 to minimize the sum of squared errors

@ Optimization results are:
Parameterization K c z3
SVI 4.874 | 0.110 | 0.082
ML 5.522 | 0.097 | 0.074

Processes have half-lives of roughly 7 weeks and 7 years
respectively. Parameters are not too different from Bergomi's.
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Four worst fits

@ The four worst individual SVI fits were as follows:
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@ We see real structure in the variance curve that the fit is not
resolving.
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PCA on variance swap curves

@ Perform PCA on log-differences of the SVI curves to obtain
the following two factors:

First component Second component
g g
o o
a 92% of variance 2 4 5% of variance
j=2) N j=2) N
£ o £ o 7
=} =}
g = & =
- o - o
- -
T T T T T T T T T T T T
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
Maturity Maturity

@ The blue and green points are from conventional and robust
PCA respectively. The red lines are fits of the form a+ b/ﬁ



Consistent Modeling of SPX and VIX options
Model calibration

Volatility envelope

For each maturity, we compute the standard deviation of log-differences
of the curves. ML and SVI results are green and blue respectively. The
red and orange lines are proportional to 1/v/T and 1/ T%3° respectively.

0.20
1

0.05
1

Standard deviation of varswap

0.0 0.5 1.0 15 2.0
Maturity (years)
% seems to be a good approximation to the term structure of the

volatility envelope!
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Motivation for fitting SABR

@ It seems that volatility dynamics are roughly lognormal
o Option prices and time series analysis lead us to the same

conclusion.
@ SABR is the simplest possible lognormal stochastic volatility
model
o And there is an accurate closed-form approximation to implied
volatility.
@ The lognormal SABR process is:
ds
— = YXdZ
)
dx
— = vdW 3
Z (3)

with (dZ,dW) = pdT.

@ As suggested by Balland, fitting SABR might allow us to
impute effective parameters for a more complicated model
(such as Double Lognormal).
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As shown originally by Hagan et al., for extremely short

expirations, the solution to (3) in terms of the Black-Scholes
implied volatility ogs is approximated by:

ops(k) = oo f (Uio)

where k := log(K/F) is the log-strike and

vy
fly)=—
log <\/ v2 y2+2pvy+1vyp>

1-p

It turns out that this simple formula is reasonably accurate for
longer expirations too.

@ Note that the formula is independent of time to expiration T
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How accurate is the SABR formula?

With T =1 and SABR parameters v = 0.5, p = —0.7 and 09 = 0.12, the
following plot compares the analytical approximation with Monte Carlo
and numerical PDE computations (in green and blue respectively):

Implied volatility

0.10 0.12 0.14 0.16 0.18 0.20

0.08

T
0.7

T
08

T
0.9

1.0

Relative strike

The formula looks pretty good, even for 1 year!

11

12

13



Consistent Modeling of SPX and VIX options
Model calibration

Fitting SABR to SPX implied volatilities

o Consider the SPX option market on a given day (25-Apr-2008
for example).

@ We fit the lognormal SABR formula to each timeslice of the
volatility surface.

@ Then for each expiry, we impute v, p, 0y.
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Empirical and fitted volatility smiles

As of 25-Apr-2008, we obtain the following fits (SABR fits in
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The term structure of v

As of 25-Apr-2008, plot v for each slice against Teyp:

Effective SABR vol of vol (v)
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Empirical observations

@ We see that the term structure of v is almost perfectly 1/v/T.

o Consistent with the empirical term structure of standard
deviation of variance swaps

@ This is found to hold for every day in the dataset.
@ We can then parameterize the volatility of volatility on any
given day by a single number: v such that

Veff

v(T) =
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SABR fits to SPX: v

Computing veg every day for seven years gives the following
time-series plot:

@
S

0.6

Effective SABR vol of vol

0.2

2002 2004 2006 2008
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Observations from vz time-series

@ Lognormal volatility of volatility ves is empirically rather
stable

@ The dynamics of the volatility surface imply that volatility is
roughly lognormal.

@ Can we see any patterns in the plot?
o For example, does ves depend on the level of volatility?
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Regression of veg vs VIX

Regression does show a pattern!

(3]
p
[
0
—~ 2 7
= [
>
5 |
T 160(Van) 5= 0:125=0,127 log(VIX)
S
|
o
2 |
! T T T
2.5 3.0 35
log(VIX)

VIX ~ /v so we conclude that dv ~ v9%*dZ. 1

1The exponent of 0.94 coincides with an estimate of Ait-Sahalia and
Kimmel from analysis of the VIX time series
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Parameters

@ We finally settle on the following set of parameters:

Parameter | Value
K 5.50
c 0.10
z3 0.078
& 2.6
« 0.94
& 0.45
0 0.94
p 0.57
p1 -0.90
P2 -0.70

o Let’s call this the final parameter set.
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How to price options on VIX

A VIX option expiring at time T with strike Kyx is valued at time

t as
T+A
Et ]ET |:/ Vs d5:| - KV/X
T

where A is around one month (we take A = 1/12).
In the affine models under consideration, the inner expectation is
linear in vy, v/ and z3 so that

+

T+A
V/XT2:ET [/ V5d5:| =aivr + az V£,—+3323
T

with some coefficients aj,a> and a3 that depend only on A.
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Monte Carlo

@ Monte Carlo simulations of stochastic volatility models suffer
from bias because even if variance remains positive in the
continuous process, discretized variance may be negative.

@ Various schemes have been suggested increase the efficiency
of simulation of such models. For example:

s Andersen (2006)
s Lord, Koekkoek and Van Dijk (2008) (LKV)

@ Given known moments, Andersen implements an Euler scheme
for a different variance process that cannot go negative and
whose moments match the first few of the known moments.

@ The LKV approach is to slightly amend the Euler
discretization at the boundary v = 0.

& Since we don't have closed-form moments in general, we adopt
a bias-corrected Euler scheme of the sort described in LKV.
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We implement the following discretization of the Double CEV
process (2):

Vieae = Vi—c(vi—z3)At+& VHFBVAsz
Verar = vi—k(ve — V) At + & v VAL Zy
1
Xt4at = *Z(Vt+Vt+At)At+ VvT VAL {p2 2o+ ¢ Z1 + o W}

with (Z1, 25) = p; (Zi, W) = p;i (i = 1,2), x :==log §/Sp and

P1L—pPpP2

¢v = /—1—p2
¢x = \/1*,0%*@53

This discretization scheme would be classified as “partial
truncation” by LKV.
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Numerical PDE solution

@ The drift term of the Double CEV process is linear in v and
v/, so VIX? is linear in v and v/ at the option expiration.

@ If we had the joint distributions of v and v/, we would also
have the distributions of VIX and all the option prices.

@ This suggests trying to solve the Fokker-Planck (forward
equation).

@ We haven't succeeded in making such a scheme work so

instead, we solve the backward equation for each strike and
expiration.

& We solve this equation using an ADI scheme.
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Numerical PDE vs Monte Carlo

@ Although the numerical PDE solution is faster than Monte
Carlo for a given accuracy, the code needs to be called once
for each option.

@ Monte Carlo can generate the entire joint distribution of x, v
and v/ for each expiration.

@ With these joint distributions, we can price any option we
want, including options on SPX and exotics.

@ Implementation of a 3-dimensional numerical PDE solution is
hard and the resulting code would be slow.

o It's only practical to price options on VIX with numerical PDE.

@ Accordingly, we use Monte Carlo in practice.
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Fit to SPX variance swaps

Variance swap fits are independent of the specific dynamics. Then
as before with

z1 = 0.0137; zp = 0.0208; z3 = 0.078; x = 5.50; ¢ = 0.10, we
obtain the following fit (green points are market prices):

Variance swap level
0.11 0.12 0.13 0.14 0.15 0.16 0.17
1

T T T T T T T
0.0 05 1.0 15 20 25 3.0

Maturity
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Fit of Double Lognormal model to VIX options

As of 03-Apr-2007, from Monte Carlo simulation with parameters
z1 = 0.0137; zp = 0.0208; z3 = 0.0421; kK = 12; & =7; ¢ = 0.34; & = 0.94;

we get the following fits (orange lines):

T=0.041 T=0.12 T=021 T=0.39
& °
© S =]
g -
o <
] o i o ° 3 o
so = = =
S Sy S S
s o s s s
£ oo o s 2
52 = ]
£ 0 2% E- £ g
0088088 @
S s
als %eg it
- o o
0.2 0.2 0.6 04 0.0 0.4 0.8 04 0.0 04 08 04 0.0 04 08
Log-Strike Log-Strike Log-Strike Log-Strike
T=0.64 T=0.88 T=113
~
3 A ©
~ ©
5 S 0
~ @ = =0
So Se g
8w g g
zo . 59
£, £3S 3
S 1o, " o
@ s
s1o o I
o~ S S
<04 ' 00 04 038 -04 00 02 04 06 -0.4 00 02 04 06

Log-Strike Log-Strike Log-Strike



Consistent Modeling of SPX and VIX options
Model fits

Fit of Double Heston model to VIX options

As of 03-Apr-2007, from Monte Carlo simulation with parameters
z1 = 0.0137; zp = 0.0208; z3 = 0.0421; k = 12; & = 0.7; ¢ = 0.34; &£, = 0.14;

we get the following fits (orange lines):
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In terms of densities of VIX

@ When we draw the densities of VIX for the last expiration
(T = 1.13) under each of the two modeling assumptions, we
see what's happening:

Double log simulation Double Heston simulation

0
10

Density
Density

r T T T 1 r T T T 1
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
VIX VIX

@ In the (double) Heston model, v; spends too much time in the
neighborhood of v = 0 and too little time at high volatilities.
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Parameter stability

@ Suppose we keep all the parameters unchanged from our
03-Apr-2007 fit. How do model prices compare with market
prices at some later date?

@ Recall the parameters:
o Lognormal parameters:
k=12, & =7, c=0.34; &, = 0.94,
@ Heston parameters:
k=12; & =0.7, c =0.34; & = 0.14;

@ Specifically, consider 09-Nov-2007 when volatilities were much
higher than April.

@ We re-use the parameters from our April fit, changing only the
state variables z; and z.
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Double Lognormal fit + VIX options as of 09-Nov-2007

With z; = 0.0745, zp = 0.0819 we get the following plots (model prices in orange):
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Consistent Modeling of SPX and VIX options
Model fits

Double Heston fit + VIX options as of 09-Nov-2007

With z; = 0.0745, zp = 0.0819 we get the following plots (model prices in orange):
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Model fits

Double CEV fit to VIX options as of 03-Apr-2007

From Monte Carlo simulation with the final parameter set, we get the following fits to VIX options (orange lines):
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Consistent Modeling of SPX and VIX options
Model fits

Double CEV fit to SPX options as of 03-Apr-2007

Again from Monte Carlo simulation with the same parameters, we get the following fits to SPX options (orange

lines):
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Consistent Modeling of SPX and VIX options
Model fits

Double CEV fit to VIX options as of 09-Nov-2007

From Monte Carlo simulation with our final parameters, we get the following fits to VIX options (orange lines):

T=0.033 T=011 T=019
<
@ 1
3 3 3
o 1 ~
n 1o o
] o
o o
3 ° 3 3
Se H o| zg
iR o g 2
2 a g o °
E ° E £ 0022 g
- o ° ° 7ol Ta 2850078
00870 6 X
0% ® 956 o © °
o 228 3 % ° %
-
@
-To 05 0o 75 -0 -05 0o 05 -10 -05 00 05
Log-Strike Log-Strike Log-Strike
T=0.28 T=036 ° T=053
S
o
~ J
{ s
- E]
o “10 oo
S
al o
g™ g 3
S o Sa >c
g o| g° g
fo o °2l s 5
go “|E ge
E ° co| £, E
o0 > n
- 00g 3 S
s =4 <
o S
s
e ° ]
S
-10 05 -05 000 3 05 05

05 000 X 00
Log-Strike Log-Strike Log-Strike



Consistent Modeling of SPX and VIX options
Model fits

Double CEV fit to SPX options as of 09-Nov-2007

Again from Monte Carlo simulation with our final parameters, we get the following fits to SPX options (orange

lines):
T=014 - T=019 T=037 T=039
3 g
w s
a4 = °le
2oz zo R . =
= W N £3 8 fs
ig 8s is i, T | E°
= = Y 58 =
E° En E E
3 8 8
] S
s o o S
010 000 005 010 =03 =01 00 01 02 ©-06 04 02 00 02 020 -010 ' 000
Log-Strike Log-Strike Log-Strike Log-Strike
T=0.62 T=064 T=087 T=0.89
w0 8
s 8 S
< ° 8 3
gs g e g° Ehd
Bo B T B 88 5
5° 28 58 5°
: i3 N\S\s\g 53 g
S = = =8
5 S
3 -
-06 64 -02 oo 02 ©-020 " -010 ' 0bo ' olo -64 7827 00 ' 02 -010 000 010
Log-Strike Log-Strike Log-Strike Log-Strike
T=111 T=161 T=211
o 2 2
3 S
=3 =8 8
EL) P 38 s8 0
Eo 3 \ g Q\Q“qq%\ g °
zs 8 a1 S
£ Es 13
£, \\M S \\Sgs gd
S
2 =
T& 64 00 o8 B4 00 0z ° 68 ' 04 00
Log-Strike Log-Strike Log-Strike



Consistent Modeling of SPX and VIX options
Model fits

Double CEV fit to VIX options as of 25-Apr-2008

From Monte Carlo simulation with our final parameters, we get the following fits to VIX options (orange lines):
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Consistent Modeling of SPX and VIX options
Model fits

Double CEV fit to SPX options as of 25-Apr-2008

Again from

lines):
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Monte Carlo simulation with our final parameters, we get the following fits to SPX options (orange
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Consistent Modeling of SPX and VIX options
Model fits

Is volatility of volatility stable?

@ Is volatility of volatility stable?
& Of course not!

@ Referring back to our SABR fits, we find:
Date Veff
03-Apr-2007 | 0.68
09-Nov-2007 | 0.61
25-Apr-2008 | 0.50
@ So volatility of volatility decreased!
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Double CEV fit to VIX options as of 25-Apr-2008

From Monte Carlo simulation with proportionally lower vol-of-vol parameters, we get the following revised fits to
VIX options (orange lines):
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Consistent Modeling of SPX and VIX options
Model fits

Observations so far

@ Double Lognormal fits better than Heston with better
parameter stability.

@ Double CEV with v = 0.94 fits even better with still better
parameter stability.

@ However, parameters are still not perfectly stable

& In particular, volatility of volatility is not constant.
& Implied volatilities of volatility of SPX and VIX options move
together.
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Time series analysis

Implied vs Historical

@ Just as option traders like to compare implied volatility with
historical volatility, we would like to compare the risk-neutral
parameters that we got by fitting the Double Lognormal
model to the VIX and SPX options markets with the historical
behavior of the variance curve.

@ First, we check to see (in the time series data) how many
factors are required to model the variance curve.
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Time series analysis

Extracting time series for z; and z

@ In our affine model, given estimates of x, ¢ and z3, we may
estimate z; and zp using linear regression.

@ From two years of SPX option data with parameters x = 12,
¢ = 0.34 and z3 = 0.0421, we obtain the following time series

for \/z1 (orange) and \/z (green):
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Time series analysis

Statistics of z; and 2

@ Let’s naively compute the standard deviations of
log-differences of z; and z. We obtain

Factor Historical vol. Implied vol. (from VIX)
B 86 7.0
2 0.84 0.94

@ The two factors have the following autocorrelation plots
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Consistent Modeling of SPX and VIX options
Time series analysis

Observations

@ Historical and implied volatilities are similar
& in contrast to single-factor stochastic volatility models.
@ Historical decay rates are greater than implied

@ price of risk effect just as in single-factor stochastic volatility
models.
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How options on variance are quoted

@ Define the realized variance as:
T

RVt := Z AX;?

with AX; = |Og(5,'/5,',1).
@ The price of an option on variance is quoted as
C= ﬁ E[payoff]
where ok is the strike volatility.
@ The price is effectively expressed in in terms of volatility points on a
variance swap quote. So if the quoted price of a call on variance is

2% and the strike price is 20%, the premium is
2 x 0.2 x 0.02 = 0.008 and the payoff is

(RVT 2)*
"T_ 2
=
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Options on realized variance

Realized variance vs quadratic variation

@ Option on variance are options on realized variance RVr.

@ In a model, we typically compute the value of an option on the
quadratic variation QV7 defined as

T
QVT ::/ Vs ds
0

@ Although E[RV7] = E[QV7] in a diffusion model,
Var[RV7] > Var[QVT]

so options on RV are worth more than options on QV. One can
think of RV7 as an approximation to QVT with discretization error.

@ It turns out that this discreteness adjustment is significant for
shorter-dated options (under 3 months).



Consistent Modeling of SPX and VIX options
Options on realized variance

Magnitude of discreteness effect

@ Double CEV model prices of QV and RV straddles (in
volatility points) as a function of the number of settings. QV
is in red and RV in blue. Parameters are from November 2007.

|

Straddle price
I I I

0.00 001 0.02 003 0.04 005 0.06
I

0.0 01 0.2 0.3 0.4 05 0.6

Expiry (years)

@ The discreteness effect is significant!
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Options on realized variance

Some broker quotes

@ For the three dates for which we have computed model prices
(03-Apr-2007, 09-Nov-2007 and 25-Apr-2008), we snap some broker
prices of ATM variance straddles and compare our model prices.

Date Expiry Bid | Ask | Model | Model Adj.
03-Apr-2007 | Jun-07 | 4.35 | 4.55 3.59 3.59
05-Apr-2007 | Sep-07 | 3.90 | 4.70 3.74 3.74
07-Nov-2007 | Jan-08 | 7.20 | 8.20 6.93 6.34
07-Nov-2007 | Mar-08 | 4.35 | 7.20 7.08 6.49
13-Nov-2007 | Jun-08 | 7.00 | 9.00 6.93 6.39
25-Apr-2008 | Sep-08 | 5.60 | 6.10 5.25 4.20
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Conclusion

Some attributes of a good model

@ Must generate prices close to the market
© Must have reasonable dynamics
o Future scenarios for market prices should be consistent with
stylized facts
o For example, skews should not be too different from current
skews
© Parameters should be easy to identify
@ There should be an easy way to estimate parameter values
from market observables
@ Parameters should be stable over time

© Vanilla option values should be fast to compute
o This is needed for efficient calibration
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Model scorecard

We can compare the single-factor Heston model to the Double
CEV model along these attributes:

Attribute Heston Double CEV
Fits the market Bad Good
Reasonable dynamics Medium | Good
Parameter identification | Medium | Bad
Parameter stability Bad Good

Easy vanillas Good Bad
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Summary

@ The Double CEV model appears to reproduce market prices
reasonably well.

o SPX options and VIX options are more or less consistently
priced. Options on realized variance less well priced.
@ We reconfirmed using PCA that two factors are necessary.

@ From regression of effective SABR volatility of volatility
against VIX, we conclude that the CEV exponent « in the
volatility process is 0.94.

o However:

@ It's not clear how to estimate mean reversion and volatility of
volatility parameters independently.
o Computation is too slow for effective calibration.

@ We suspect that there is a better two-factor volatility model

with power-law decay of volatility autocorrelation coefficients.
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More general comments

@ Although 2 factors are required, the two factors found from
PCA each have roughly 1/ﬁ term structures.
@ If the factors have a power-law structure, there is no particular
timescale associated with them.
o The timescales we settled on approximate a l/ﬁ volatility
envelope.
o Other parameter choices that approximate this l/ﬁ pattern
seem to work just as well.
@ VIX smiles are consistent with a model that has tighter
distributions of volatilities than Double CEV.
o SPX smiles are also consistent with tighter distributions of
volatilities.

@ In short, the Double CEV model is ugly!
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Current and future research

@ Investigate alternative dynamics with power-law decay of
volatility autocorrelations.

@ Add more tradable factors (allow the skew to vary for
example)
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