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The opinions expressed in this presentation are those of the author alone,
and do not necessarily reflect the views of of Merrill Lynch, its
subsidiaries or affiliates.
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Outline of this talk

= Roger Lee’s moment formula

= A stochastic volatility inspired (SV1) pararameterization of the implied
volatility surface

= No-arbitrage conditions
= SVI fitsto market data
= SVI fitsto theoretical models

« Carr-Leevaluation of volatility derivatives under the zero correlation
assumption
= Vauation of volatility derivativesin the general case

Jim Gatherd, Merrill Lynch, May-2004
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Roger Lee’s moment formula

Definek :=log(K/F).

2
Letq =sup{q:ES * <¥} andb” =limsup Ses (o TT
K® - ¥
.2
e “0
Then b™1 [0,2] and g :lé 1* b :
S o (K,T)T

Also let p’ ::sup{ p:ES’ <¥} anda’ = limsup

k® +¥
121 a°

.2

- . 0

Then a’| [0,2] andp == - +
1)

2§\/§ 2

= Thederivation assumes only the existence of a Martingale measure: it
makes no assumptions on the distribution of S, .

Jim Gatherd, Merrill Lynch, May-2004
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Implications of the moment formula

= Implied varianceis awayslinearink as |k| ® ¥

= For many models, p- and q* may be computed explicitly in terms of the
model parameters.

= S0, if wewant a parameterization of the implied variance surface, it
needs to be linear in the wings!

= ... andit needsto be curved in the middle - many conventional
parameterizations of the volatility surface are quadratic for example.

Jim Gatherd, Merrill Lynch, May-2004
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The SVI (“stochastic volatility inspired”)
parameterization

= For each timedlice,

var(k;a,b,s ,r,m) :a+b{r (k- m) ++/(K- m)? +52}

L eft and right asymptotes are:
var_(k;a,b,s,r ,m)=a- b(1- r)(k- m)
varg(k;a,b,s,r,m=a+b(@+r) (k- m)

= Varianceis aways positive

» Varianceincreases linearly with |k| for k very positive or very negative

» Intuition isthat the more out-of-the-money an option is, the more volatility
convexity it has.

Jim Gatherd, Merrill Lynch, May-2004
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What the SVI parameters mean

a givesthe overall level of variance

b gives the angle between the left and right asymptotes
S determines how smooth the vertex is

r determines the orientation of the graph

changing mtranglates the graph

The next few dlides show this graphically with base case
a=004,b=04,s =01,r =-04,m=0

Jim Gatherd, Merrill Lynch, May-2004
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Jim Gatherd, Merrill Lynch, May-2004
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Changing s
Inplied vari ance
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Jim Gatherd, Merrill Lynch, May-2004
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Changing r

Inplied variance
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Jim Gatherd, Merrill Lynch, May-2004
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Changing m

Inplied variance
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Jim Gatherd, Merrill Lynch, May-2004
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Preventing arbitrage

» Inpractice, if SVI isfitted to actual option price data, negative vertical
spreads never arise. Interms of the SVI (implied variance fit)
parameters, the condition is

4

= |t turnsout that if there are no negative vertical spreads, negative
butterflies are also excluded.

= Incontrast, it isnot obvious how to prevent negative time spreads. We
now show what conditions a parameterization needs to satisfy to exclude
arbitrage between expirations (calendar spread arbitrage).

Jim Gatherd, Merrill Lynch, May-2004
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Necessary and sufficient condition for no calendar
spread arbitrage

= First we note that for any Martingale X, and t,3 t itiseasy to show
that

E(X,-L) 3E(X, - L)

= Now consider the non-discounted valuesC, and C, of two options with
strikesK, andK ,and expirations t, and t, with t, >t, . Suppose the two
options have the same moneyness so that

ﬁ:&o k
|:l I:2
= Consider themartingale X, © S /F,. Then, in the absence of arbitrage,
we must have
&:EE(xt - k)3 EE(Xt - k)’ - &
K, k ? Kk ' K,

= S0, kegping the moneyness constant, option prices are non-decreasing in
time to expiration.

Jim Gatherd, Merrill Lynch, May-2004
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Derivation of no arbitrage condition continued

- Let W 0sgg(kt)t

= TheBlack-Scholes formula for the non-discounted value of an option
may be expressed in the form C_. (k,w;) with C_. strictly increasing in
the total implied variance w, .

= Itfollowsthat for fixed k, we must have the total implied variance w,
non-decreasing with respect to time to expiration.

Jim Gatherd, Merrill Lynch, May-2004



SVI fit to SPX with one week to expiration

Volatility
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Other expirations

Vols comparison for SPX Index expiring 06/18/04
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Jim Gatherd, Merrill Lynch, May-2004
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The total variance plot
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= Note no crossed lines so no arbitrage!

Jim Gatherd, Merrill Lynch, May-2004
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Review of the work of Schoutens et al.

« Intheir recent Wilmott Magazine paper, Schoutens, Simons and Tistaert
carefully fitted 7 different models to the STOXX50 index option market

observed on 7-Oct-2003.
= Themoddsfitted were
« HEST, HESJ, BNS, VG-CIR, VG-OUG NIG-CIR, NIG-OUG

= These models represent arange of quite different dynamics. For
example, HEST is a pure stochastic volatility model and VG-CIR isa
pure jump model with subordinated time.

Jim Gatherd, Merrill Lynch, May-2004
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Plots of implied vol. vs log-strike k for 6 of the

Schoutens et al. models
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SVI fit to VG-OUGmodel with Schoutens et al.

parameters
C® 6.1610, g® 9.6443, m® 16.026, 1 ® 1.679, a®0.3484, b® 0.7664, yO® 1

Inplied variance
0.2

0.175 |
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0.125 |
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-0.2 -0.15 -0.1 -0. 08 0. 05 0.1 0.15 0.2

= Theabove graph showsthe SVI fit to the first timeslice (t=0.0361 years).
Thisdliceisinvariably the hardest to fit in practice; SVI fits aimost
perfectly.

Jim Gatherd, Merrill Lynch, May-2004
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Total variance plot for VG-OUGwith Schoutens et al.
parameters

Inplied total variance
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= Note that the surface has to be arbitrage-free because it is generated from
explicit arbitrage-free dynamics.

= Notealsothat SVI fits every dice extremely well!

Jim Gatherd, Merrill Lynch, May-2004
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SVI fit to the Heston model with Schoutens et al.

parameters
A- 0.6067, p- -0.7571, n- 0.2928, vbar -» 0. 0707, v - . 0654

Inplied variance
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= Theabove graph showsthe SVI fit to the first timeslice (t=0.0361 years).
Again thefit isvery good but fitting this slice on its own is not asking
very much...

Jim Gatherd, Merrill Lynch, May-2004
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Total variance plot for Heston with Schoutens et al.
parameters

Inplied total variance
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= SVI fits somewhat less well thistime.

Jim Gatherd, Merrill Lynch, May-2004
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The Heston Model

= Themode isgiven by
dx = - %dt +Jvdz,

dv=-1(v- V)dt+h/vdz,
(dz,,dZ,)=r dt

with x=log(F/S,)

Jim Gatherd, Merrill Lynch, May-2004
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The Heston modelas T ® ¥

From (e.g.) Lewis, we can derive the the level, slope and curvature of at-
the-money forward (ATMF) implied volatility from the parameters of
the model. Inthe case of the Heston model as T ® ¥ |, theseare

4 ¢

vT(0)~W{\/4| € +h2(- r)°- a}

O~ {J4| €+h2(1- r)2- <}

vii0) ~ Wz{Jm ¢ +h%(1- r)2- t}

with| ¢=| - rh /2l &C=| v.

From Roger Lee, we can compute the slope of the|k| ® ¥ asymptotes of the
implied variance by finding the poles of the Heston characteristic function. The
resulting slopes of the asymptotesagainasT ® ¥ are given by

2 2 2
o r){‘/4| € +h°(1- r)2- 2|<}

. 2 TTREEY
V(- ¥)T=b" (M@ - 1+r){\/4| € +h2(- r)2- 2|§

VE(+¥)T =a’ (T) ®

Jim Gatherd, Merrill Lynch, May-2004
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Consistency with SVI

» It turnsout that these formulae are totally consistent with SVI if we have
the following correspondence between SV parameters and Heston

parameters (asT ® ¥):
w

=—(1- 2
a=2q-r?)
w
b=—
st
r=r
r
m=- —
q
1- r?
S:
q
with w:24'—m2{\/4| €+h?(L- 1)7- 21 ¢
hZ(- r?)
__h
T e

Jim Gatherd, Merrill Lynch, May-2004
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Review of Carr-Lee valuation of volatility derivatives

= Assumes zero correlation between quadratic variation and returns.

= Carr and Lee show how under this assumption, the prices of volatility
derivatives are completely determined by the prices of European options
(which we assume to be known). Formally

E f((x),) = cpkw, (K)ck,T)

with ek/z ati¥
wf(k):4T OF()! cosh&/1/4+21 Ud
I a-i¥

whenever f(y) hasa Laplace transform F (| )for al Rontheright of all
singularities of F

= Frizand Gatheral show that more often than not, the weights w, areill-
defined and the problem of inverting to find the weightsisill-posed.

= However, they also show how to compute the value of volatility
derivatives from the values of European options to any desired accuracy.

Jim Gatherd, Merrill Lynch, May-2004
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Extension to non-zero correlation

Suppose that (e.g.) Heston dynamics really drive the market.
We note that the values of volatility derivatives are independent of the
correlation between stock returns and volatility moves.

To compute the fair value of avolatility derivative, al we would need to
doistoset r tozero and apply the inversion method described in Friz
and Gatheral.

This suggests the following general recipe:
Start with some parameterization of the volatility surface.
Noting that whenr is zero, the implied variance smileis symmetric
around k=0, rotate the curve keeping its overall level the same.

* Although this step isintuitively clear, its meaning is far from precise and its

implementation is far from obvious

Apply the Friz algorithm to compute the value of the volatility
derivative.

Jim Gatherd, Merrill Lynch, May-2004
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The Friz inversion algorithm

= Werecall from Hull and White that in a zero-correlation world, we may

write
c(k) = (‘ylyg(y) Cas (K )

where y:=s ..°T isthetotal variance. Inwords, we can compute an
option price by averaging over Black-Scholes option prices conditioned
on the BS total implied variance.

= Wediscretize the above to obtain
m
(o] .
¢c=aAg, (I=1..,n)
=1

with m> n.

=  We may then compute the probability vector g using the M oore-Penrose
pseudo-inverse as

g=AT(AAT) c=Mc

» Thisiseffectively amethod for deducing the law of implied variance
from option prices. Then, the expectation of any function of variance
may be computed.

Jim Gatherd, Merrill Lynch, May-2004
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Example: SVI

= Although SVI hasr explicitly as a parameter, it’snot enoughtoset r =0
and apply the Friz method.

 Thiscan be seen easily by computing the value of a variance swap before
and after settingr =0

» Other of the SVI parameters may and do in fact depend onr . To see
how they should transform, we refer back to the mapping between SV
and Heston parametersinthe T ® ¥ limit. Specifically,

r® 0
m® 0
S

1-r?

s ®

Instead of specifying exactly how a and b transform (which is pretty
complicated) we note that they transform as

a®y a
b®y b(l-r?)

Wefindy by imposing that the expected variance be conserved under
the transformation.

Jim Gatherd, Merrill Lynch, May-2004
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A formula for computing expected total variance

« It may be shown that for diffusion processes

Egx). f= (FzN&2)s 55" (2)

with
_k S o (K, TINT

ZO dZ(k):SBS(k’T)\/-F- 2

Jim Gatherd, Merrill Lynch, May-2004
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Recipe for valuation of volatility derivatives

» Fit SVI parameterization to the implied volatility surface
Transform the surface so it is symmetric around the forward price as

follows:

a®y a
b®yY b@-r?)
re o0
m® 0
S
1-r?

s ®

Adjusty using the total variance formulato keep the expected total

variance invariant.
Apply the Friz method or Carr-Lee directly to compute the value of the
volatility derivative directly in this new zero-correlation world.

Jim Gatherd, Merrill Lynch, May-2004
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Example: One year Heston with BCC parameters

= We compute one year European option prices in the Heston model using
parameters from Bakshi, Cao and Chen. Specifically

v=v=0.04;h =0.39;] =1.15;r =-0.64
=  Wefit SVI and obtain the following SVI parameters;
a=.0159479;b =0.0577371; r =-0.568899;s =0.127445, m=0.165476

= Applying thetotal variance formulagives E g x)_ g = 0.0400846 which
Is not too far off the exact value of 0.04.

Jim Gatherd, Merrill Lynch, May-2004
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Example: continued

= Werotate the SVI parameters according to our recipe to obtain the new

SVI parameters

a=0.024973;b =0.0611502; r =0;s =0.154966; m=0;
= Graphisas expected and total variance is 0.0400846 by construction

04

0.08 |

0.07 |

0.06

0.05

-1

= Asacheck, regenerate Heston option priceswith r = 0 and refit SVI.

We obtain

a=0.0233521;b =0.06087352; r =0;s =0.1914214; m=0;

= Torecap, we guessed a SVI rotation transformation fromthe T ® ¥
limit. Thistransformation seems to work pretty well even for T=1!

Jim Gatherd, Merrill Lynch, May-2004
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True zero-correlation Heston and rotated SVI smiles

0.08 |~
0.07 |
0.06 |

0.05 |

» The closeness of agreement of the two curvesis all we need to show that
the values of all volatility derivatives are correctly obtained through the
rotation recipe (at least in this case).

=  We now compute the value of the volatility swap to verify this.

Jim Gatherd, Merrill Lynch, May-2004
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A formula for computing expected volatility

= It may be shown that for diffusion processes under the zero-correlation
assumption

E./(x), = ¢pkw, (K)e(k,T)

with
_ /p w2, KO
w,.(K)=2pd(k)+,|=e““] ~—=

where |, (.) isamodified Bessel function of thefirst kind.
= Tomotivate thisformula, recall that

S . (ONT
J2p

c(0,1) =

Jim Gatherd, Merrill Lynch, May-2004
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Heston formula for expected volatility

« By awaell-known formula
- e'l y

Jy= 1 Al d|
2\/59|3/2

= Then, taking expectations X >
1 ¥1 Eee

Eg < > 8 \/>0 |3/2 udl

=  Weknow the Laplace transform [E ge' ' (o 8from the CIR bond formula.

= S0 we can aso compute expected volatility explicitly in terms of the
Heston parameters.

Jim Gatherd, Merrill Lynch, May-2004
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Results of volatility swap computation

= Applying the CIR bond formula and computing Heston one year
expected volatility exactly gives

E&/(x), U=0.187429

= Applying the SVI rotation recipe and computing expected volatility
using the Carr-Lee weights gives

E§ (), U=0.185871

= Errorisonly 0.16 vol. points!!

Jim Gatherd, Merrill Lynch, May-2004
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Summary

Motivated by the asymptotic behavior of the implied volatility smile at
extreme strikes, we introduced a parameterization (SV1).

We demonstrated that this parameterization not only fits SPX option
prices extremely well but that it fits option prices generated by many
theoretical models. These models include stochastic volatility and pure
jump models.

By identifying the form of the implied volatility smile as SVI for the
Heston model in the limit of infinite time to expiration, we were able to
map the SV | parameters to parameters of the Heston model (in this
limit).

Noting that volatility derivatives (under a stochastic volatility
assumption) cannot depend on the correlation between underlying
returns and volatility changes, we developed a recipe transforming a
given set of SVI parametersinto their zero-correlation world equivalents.

We then applied Carr-Lee to the option prices thus generated to value
volatility derivatives.

We demonstrated that in the particular case of Heston one year European
options with BCC parameters, agreement was very close.

Jim Gatherd, Merrill Lynch, May-2004
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